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ABSTRACT 

We introduce the notion of "special superpolynomials" by putting q = 1 in the formulas for reduced superpolynomials. 
In this way we obtain a generalization of special HOMFLY polynomials depending on one extra parameter t. Special 
HOMFLY are known to depend on representation R in especially simple way: as |i?|-th power of the fundamental ones. 
We show that the same dependence persists for our special superpolynomials in the case of symmetric representations, at 
^k^ast for the 2-strand torus and figure-eight knots. For antisymmetric representations the same is true, but for t = 1 and 
^Tlrbitrary q. It would be interesting to find an interpolation between these two relations for arbitrary representations, but no 
^^uperpolynomails are yet available in this case. 

Introduction 

t>; 

^"Colored superpolynomials p] become increasingly important objects in the fields of knot theory [2] and 
r pj^pological strings j3]. They are functions of five variables: knot/link K, representation R and three 
^-parameters q, a and t. For our purposes it is more convenient to use other variables [1]: 



<U. q = — tq, t = q, A = av — t (1) 

■ 

1 fit these variables one can study nontrivial limits, obscure in original notation. HOMFLY polynomials 
^irise at t = q. If further t = q = I we obtain the special HOMFLY polynomials which posses remarkable 
property [H E]0 

£>: n«(A) = (n«(A))^ (2) 



C^vhere □ is used to denote the fundamental representation and \R\ is the number of boxes in the Young 
^diagram R. For rigorous proof of (2), also in the case of links, see [B]. 

^ " It is natural to ask what happens to this relation when HOMFLY is lifted to superpolynomial. We 
^Conjecture that it turns into 

X: 



V$r{A,t) = (pK(A,t)) r (3) 



for arbitrary symmetric representation S r and 



y£r{A,q) = {qt*{A,q)y (4) 



for arbitrary antisymmetric one A r . Here V and ^3 are defined as the limits of reduced superpolynomial 
at q — > 1 and t — > 1 respectively. 

We check this conjecture in all available examples: namely 2-strand torus knots and figure-eight knot. 
Hopefully it is true for all other knots as well. 

More problematic is what happens in other representations. Not a single example is yet known of such 
superpolynomial and interpolation between and 01]) remains a mystery. 

In what follows we present existing evidence in support of (jH]) and 01]) and conclude with a brief review 
of similar known relations. 
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1 It is important that HOMFLY polynomials are reduced: otherwise the limit does not exist. 
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2 Some facts about particular cases of superpolynomials 

It is instructive to begin with a simple example - a trefoil. Reduced superpolynomial for it in the funda- 
mental representation is equal to: 

Pg' 3] (A,q,t) = -A 2 q 2 + qH 2 + l 



V- 1 

^ 3 \A,q) = -A 2 q 2 + q 2 + l 



Z^ 1 

V ^ 3 \ A ,t) = -A 2 + t 2 + l 

U T ™{A) = -A 2 + 2 

We showed also what happens when we put q or t equal one. 

Now let us do the same for trefoil superpolynomial in the first symmetric representation [2] = S 2 , taken 
from jl]: 

P\lf {A, q, t) = q 10 A 4 + {q 10 t 2 + qH 2 + q 6 + q 4 )A 2 + qH 4 + qH 2 + qH 2 + 1 



V^f' 3J (A, t) = A 4 - 2(t 2 + I) A 2 + (t 2 + 1) 



\ 



^f 2l [2,3l (A, q) = q 10 A 4 - {q 10 + q 8 + q e + q 4 )A 2 + 



{-A 2 + t 2 + iy 



+q* + q 6 + q 4 + 1 



t-¥l 



q-H 



n 



T[2,3] 
[2] 



(A) = A 4 - AA 2 + 4 = (A 2 - 2) 



It's clear that not only the special HOMFLY in the last line but also one of the special superpolynomials 
in the middle line becomes a full square. Moreover it is a square of the same quantity in the fundamental 
representation. It is also clear that nothing special happens with the second special superpolynomial. 
However for antisymmetric representation their roles are changed: 



P($(A, q, t) = q 4 A 4 + {q 4 t e + qH 4 + qH 2 + q 2 )A 2 + qH 10 + q 2 t e + qH 4 + t 2 



[2,3] ( 

V^f (A, t) = A 4 - (t 6 + t 4 + t 2 + 1)A 2 + (A, q) = q 2 A 4 - 2q 2 (q 2 + 1)A 2 + (q 2 + l) 2 



(-A 2 q 2 + q 2 + l) 2 



\ 



t-+i 



ft™ (A) = A 4 -AA 2 + A = (A 2 -2) : 



This observations lies in the basis of our conjecture. It is easy to see that this property survives in 
generalizations: as we demonstrate below, one can change both representations and knots. 
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3 General proof for reduced symmetric and antisymmetric su- 
perpolynomials of 2-strand torus knots 



These colored superpolynomials were considered in [5j [7] . In this section we use general formulas from [7] 
converted to variables ([!]). These formulas are represented as q-hypergeometric sums involving the ratios 



of q-Pochhammer symbols (x,y) n = Y\(l — xy 



71-1 

k\ 



k=0 



3.1 Symmetric representations 

According to [7J, the reduced two-strand superpolynomial in generic symmetric representation S r is: 
p r[2,2p+i] (t 2 ; q 2 )i(q 2 ; q 2 ) r (A 2 ; q 2 ) r+ i(^-; q 2 ) r ~i 1 - q 4l t 2 , r 2_j2 {2 + P )-i(2+2 P ) A 2 rp c(r, P ) 

where c(r, p) is known but inessential for our purposes. 

When q tends to one, the q-Pochhammer symbols (q 2 ; q 2 ) r , (q 2 ', q 2 )i and (q 2 ; q 2 ) r -i tend to zero, but the 

ratio / 2 2\ /V r 2\ — remains finite and non- vanishing. In fact it turns into binomial coefficient CT = ,,, r ' n , . 

(9 ,r)!W ,r) r -! to * i\{r-iy. 

Consequently in this limit 

p T[2,2p+l] l 1 1 ) \ L A ) l 1 t 2 ) T\ 2_p r(2+ p)_2/(l+p) A 2rp 

or simply 

lim (pjj 2 ^) = (-lyPzWfiA** ± £^(-1)^* (7) 



Since E §^r(-l)'C[t-^ = (l - ^t' 2 ^ we obtain: 



T ,T[a,2p+l] _ p T[2,2p+l] _ / lNr (t 2 - A 2 )\ rp 2rp f I- A 2 ^_ 2p \ _ / T[2,2p+1] 



So we see that our conjecture (J3]) is correct, for generic p and r! 

3.2 ^J^r ,2p+ (A, g) Torus antisymmetrical superpolynomials with t — >■ 1 

According to [TJ, reduced two strand superpolynomial in generic symmetric representation A r is: 

p T[2,2p+l] _ \ ^ (q 2 ; t 2 )l(t 2 ; t 2 ) r (A~ 2 ; t 2 ) r+i (A~ 2 q~ 2 ; t 2 ) r _i 1 - t 4l q 2 +l 2r-rp+2lp A2r(p+l)Mrj>) (q\ 

~ _z - (t 2 ;t 2 )KA- 2 ;t 2 ) r (tV;* 2 )r + K* 2 ;i 2 )^ i-q 2 [ ' q 



1=0 



where s(r,p) is known but inessential for our purposes. 

When t tends to one, the q-Pochhammer symbols (t 2 ;t 2 ) r , (t 2 ;t 2 )i and (t 2 ;t 2 ) r _i tend to zero, but the 
ratio ( f 2. t 2) f m^m — \ remains finite and no vanishing. In fact it turns into binomial coefficient C\ as it was 
in the symmetric case. Consequently in this limit: 



/ pT[2,2p+l]\ , iy . T (2-p) A 2r(p+l) ( l ~ A 2 q 2 ) r A (1 - A 2 ) 1 2 , 



Since tj^J^y^ ! = (ifi^) " we obtain: 



t^l 



(A 2 -q 2 ) r x A 2 -q~ 2 



'ir 



So our conjecture (T4|) in the antisymmetric case is correct for generic p and r too! 



4 The case of figure-eight knot 

The only non-torus case when colored superpolynomials are known for the entire series of representations 
is the figure-eight knot 4i. According to [5] we have the following expression for reduced symmetric 
figure-eight superpolynomials: 

r 

P$ r] (A,t,q) = Yl E IMXiAq^Aq*- 1 ) (12) 

k=0 l<h<...<i k <p 



where 



3 4 (V) = {V (p - j)+m '}{^} 



and \x\ = x — - 

In the case of q — > 1 all the 3 factors in (12) are the same and superpolynomial becomes: 



(13) 



V$ r] (A,t) = (1 + -5Y = (v™(A,t)J (14) 
Similarly for antisymmetric case: 

r 

p^ r] (A,t, q ) = J2 E ^M%AM% k {M k ' x ) (15) 

k=0 l<h<...<i k <p 



UAt- k ) = ^-tt V (16) 



where 

A \[q_A 

f2(p-i)+s+l ( } t k 

In the case of t — > 1 it becomes: 

tffa(A, q) = (1 + 3) r = (<Pfr(4 q)J (17) 

Thus for the figure-eight knot our conjectures ([3]) and (jlj) are also true. 

In fact the figure-eight case is somewhat special because our colored superpolynomials satisfy the 
extraordinary simple recursion relations. According to [5] formulas (12) and (15) imply that 



P [S r +i] - P [sr] (A) = {At-'UAq^jP^Aq) 



P[Ar + i] - P[Ar](A) = {At- 1 - 2r }{Aq}P m (At- 1 ) (19) 

for the symmetric and the antisymmetric representations respectively. When q = 1 the superpolynomial 
at the right hand side of (18) is the same as the second item at the left hand side and we get from the 
recursion relation a product and even a power formula (14). To get the same from (19) we need to put 
t = 1. It is unclear if the product formulas exist also for non-hook and even for hook representations. 
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5 Conclusion 



To conclude, we considered some cases of reduced colored superpolynomials and observed an interesting 
dependence on representation R, which generalizes the property (j2J) of special HOMFLY polynomials. The 
difference is that (jSJ) is proved for arbitrary knots and even links, and is true for arbitrary representation R. 
Our ([3]) and (jl]) are only conjectures: we believe that they hold for arbitrary knots but actually checked 
this only for 2-strand knots and figure-eight. Most important, the dependence on representation R is 
not as universal as it was in (T5]): for totaly symmetric R we have ([3]) while for totaly antisymmetric - 
01]), with different (but related) reduced superpolynomials, and it is a bit mysterious what happens for 
non-special representations. Instead, ([3]) and (j3J) are formulas for families of polynomials, depending on 
two parameters (A,t) and (A,q), while (J2J) depends only on one (A). 

The main problem with investigation of our conjecture is the lack of examples of colored superpolyno- 
mials. From this point of view, it is extremely important to find at least some superpolynomials for the 
simplest hook and non-hook diagrams R = [2, 1] and R = [2, 2]. 
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